We study properties of a helimagnetic thin film with quantum Heisenberg spin model by using the Green's function method. Surface spin configuration is calculated by minimizing the spin interaction energy. It is shown that the angles between spins near the surface are strongly modified with respect to the bulk configuration. Taking into account this surface spin reconstruction, we calculate self-consistently the spin-wave spectrum and the layer magnetizations as functions of temperature up to the disordered phase. The spin-wave spectrum shows the existence of a surface-localized branch which causes a low surface magnetization. We show that quantum fluctuations give rise to a crossover between the surface magnetization and interior-layer magnetizations at low temperatures. We calculate the transition temperature and show that it depends strongly on the helical angle. Results are in agreement with existing experimental observations on the stability of helical structure in thin films and on the insensitivity of the transition temperature with the film thickness. We also study effects of various parameters such as surface exchange and anisotropy interactions. Monte Carlo simulations for the classical spin model are also carried out for comparison with the quantum theoretical result.
I. INTRODUCTION
Helimagnets have been discovered a long time ago by Yoshimori [1] and Villain [2] . In the simplest model, the helimagnetic ordering is non collinear due to a competition between nearest-neighbor (NN) and next-nearestneighbor (NNN) interactions: for example, a spin in a chain turns an angle θ with respect to its previous neighbor. Low-temperature properties in helimagnets such as spin-waves [3] [4] [5] [6] and heat capacity [7] have been extensively investigated. Helimagnets belong to a class of frustrated vector-spin systems. In spite of their long history, the nature of the phase transition in bulk helimagnets as well as in other non collinear magnets such as stacked triangular XY and Heisenberg antiferromagnets has been elucidated only recently [8] [9] [10] . For reviews on many aspects of frustrated spin systems, the reader is referred to Ref. 11 .
In this paper, we study a helimagnetic thin film with the quantum Heisenberg spin model. Surface effects in thin films have been widely studied theoretically, experimentally and numerically, during the last three decades [12, 13] . Nevertheless, surface effects in helimagnets have only been recently studied: surface spin structures [14] , Monte Carlo (MC) simulations [15] and a few experiments [16, 17] . Helical magnets present potential applications in spintronics with predictions of spin-dependent electron transport in these magnetic materials [18] [19] [20] . This has motivated the present work. We shall use the Green's function (GF) method to study a quantum spin * Electronic address: diep@u-cergy.fr model on a helimagnetic thin film of body-centered cubic (BCC) lattice. The GF method has been initiated by Zubarev [21] for collinear bulk magnets (ferromagnets and antiferromagnets) and by Diep-The-Hung et al. for collinear surface spin configurations [22] . For non collinear magnets, the GF method has also been developed for bulk helimagnets [6] and for frustrated films [23, 24] . In helimagnets, the presence of a surface modifies the competing forces acting on surface spins. As a consequence, as will be shown below, the angles between neighboring spins become non-uniform, making calculations harder. This explains why there is no microscopic calculation so far for helimagnetic films.
The paper is organized as follows. In section II, the model is presented and classical ground state (GS) of the helimagnetic film is determined. In section III, the general GF method for non-uniform spin configurations is shown in details. The GF results are shown in section IV where the spin-wave spectrum, the layer magnetizations and the transition temperature are shown. Effects of surface interaction parameters and the film thickness are discussed. Concluding remarks are given in section V.
II. MODEL AND CLASSICAL GROUND STATE
Let us recall that bulk helical structures are due to the competition of various kinds of interaction [1, 2, [25] [26] [27] . We consider hereafter the simplest model for a film: the helical ordering is along one direction, namely the c-axis perpendicular to the film surface.
We consider a thin film of BCC lattice of N z layers, with two symmetrical surfaces perpendicular to the caxis, for simplicity. The exchange Hamiltonian is given by H e = − i,j J i,j S i · S j (1) where J i,j is the interaction between two quantum Heisenberg spins S i and S j occupying the lattice sites i and j.
To generate a bulk helimagnetic structure, the simplest way is to take a ferromagnetic interaction between NNs, say J 1 (> 0), and an antiferromagnetic interaction between NNNs, J 2 < 0. It is obvious that if |J 2 | is smaller than a critical value |J c 2 |, the classical GS spin configuration is ferromagnetic [3] [4] [5] . Since our purpose is to investigate the helimagnetic structure near the surface and surface effects, let us consider the case of a helimagnetic structure only in the c-direction perpendicular to the film surface. In such a case, we assume a non-zero J 2 only on the c-axis. This assumption simplifies formulas but does not change the physics of the problem since including the uniform helical angles in two other directions parallel to the surface will not introduce additional surface effects. Note that the bulk case of the above quantum spin model have been studied by the Green function method [6] .
Let us recall that the helical structure in the bulk is planar: spins lie in planes perpendicular to the c-axis: the angle between two NNs in the adjacent planes is a constant and is given by cos α = −J 1 /J 2 for a BCC lattice. The helical structure exists therefore if Fig. 1 (top) ]. To calculate the classical GS surface spin configuration, we write down the expression of the energy of spins along the c-axis, starting from the surface:
where Z 1 = 4 is the number of NNs in a neighboring layer, θ i denotes the angle of a spin in the i-th layer made with the Cartesian x axis of the layer. The interaction energy between two NN spins in the two adjacent layers i and j depends only on the difference
The GS configuration corresponds to the minimum of E. We have to solve the set of equations:
Explicitly, we have
where we have expressed the angle between two NNNs as follows:
In the bulk case, putting all angles α i in Eq. 5 equal to α we get cos α = −J 1 /J 2 as expected. For the spin configuration near the surface, let us consider in the first step only three parameters α 1 (between the surface and the second layer), α 2 and α 3 . We take α n = α from n = 4 inward up to n = N z /2, the other half being symmetric. Solving the first two equations, we obtain
The iterative numerical procedure is as follows: i) replacing α 3 by α = arccos(−J 1 /J 2 ) and solving (4) and (7) to obtain α 1 and α 2 , ii) replacing these values into (6) to calculate α 3 , iii) using this value of α 3 to solve again (4) and (7) to obtain new values of α 1 and α 2 , iv) repeating step ii) and iii) until the convergence is reached within a desired precision. In the second step, we use α 1 , α 2 and α 3 to calculate by iteration α 4 , assuming a bulk value for α 5 . In the third step, we use α i (i = 1 − 4) to calculate α 5 and so on. The results calculated for various J 2 /J 1 are shown in Fig. 1 (bottom) for a film of N z = 8 layers. The values obtained are shown in Table I . Results of N z = 16 will be shown later.
Some remarks are in order: i) result shown is obtained by iteration with errors less than 10 −4 degrees, ii) strong angle variations are observed near the surface with oscillation for strong J 2 , iii) the angles at the film center are close to the bulk value α (last column), meaning that the surface reconstruction affects just a few atomic layers, iv) the bulk helical order is stable just a few atomic layers away from the surface even for films thicker that N z = 8 (see below). This helical stability has been experimentally observed in holmium films [28] .
Note that using the numerical steepest descent method described in Ref. 23 we find the same result.
In the following, using the spin configuration obtained at each J 2 /J 1 we calculate the spin-wave excitation and properties of the film such as the zero-point spin contraction, the layer magnetizations and the critical tempera- Table I : a strong rearrangement of spins near the surface is observed.
III. GREEN'S FUNCTION METHOD
Let us define the local spin coordinates as follows: the quantization axis of spin S i is on its ζ i axis which lies in the plane, the η i axis of S i is along the c-axis, and the ξ i axis forms with η i and ζ i axes a direct trihedron. Since the spin configuration is planar, all spins have the same η axis. Furthermore, all spins in a given layer are parallel. Letξ i ,η i andζ i be the unit vectors on the local (ξ i , η i , ζ i ) axes. We write
We have (see Fig. 2 )
where cos θ ij = cos(θ i −θ j ) is the angle between two spins i and j. Replacing these into Eq. (9) to express S j in the (ξ i ,η i ,ζ i ) coordinates, then calculating S i · S j , we obtain the following exchange Hamiltonian from (1):
At this stage, let us mention that according to the theorem of Mermin and Wagner [29] continuous isotropic spin models such as XY and Heisenberg spins do not have long-range ordering at finite temperatures in two dimensions. Since we are dealing with the Heisenberg model in a thin film, it is useful to add an anisotropic interaction to create a long-range ordering and a phase transition at finite temperatures. We choose the following anisotropic interaction along the in-plane local spinquantization axes z of S i and S j :
where I i,j (> 0) is supposed to be positive, small compared to J 1 , and limited to NN on the c-axis. The full Hamiltonian is thus
Local coordinates in a xy-plane perpendicular to the c-axis. Q denotes θj − θi.
A. General formulation for non collinear magnets
We define the following two double-time Green's functions in the real space:
We need these two functions because the equation of motion of the first function generates functions of the second type, and vice-versa. These equations of motion are
Expanding the commutators, and using the Tyablikov decoupling scheme for higher-order functions, for example << S
, we obtain the following general equations for non collinear magnets:
B. BCC helimagnetic films
In the case of a BCC thin film with a (001) surface, the above equations yield a closed system of coupled equations within the Tyablikov decoupling scheme. For clarity, we separate the sums on NN interactions and NNN interactions as follows:
For simplicity, except otherwise stated, all NN interactions (J k,k ′ , I k,k ′ ) are taken equal to (J 1 , I 1 ) and all NNN interactions are taken equal to J 2 in the following. Furthermore, let us define the film coordinates which are used below: the c-axis is called z-axis, planes parallel to the film surface are called xy-planes and the Cartesian components of the spin position R i are denoted by (ℓ i , m i , n i ). We now introduce the following in-plane Fourier transforms:
where ω is the spin-wave frequency, k xy denotes the wavevector parallel to xy planes and R i is the position of the spin at the site i. n i , n j and n k are respectively the zcomponent indices of the layers where the sites R i , R j and R k belong to. The integral over k xy is performed in the first Brillouin zone (BZ) whose surface is ∆ in the xy reciprocal plane. For convenience, we denote n i = 1 for all sites on the surface layer, n i = 2 for all sites of the second layer and so on. Note that for a three-dimensional case, making a 3D Fourier transformation of Eqs. (18)- (19) we obtain the spin-wave dispersion relation in the absence of anisotropy:
where
where Z = 8 (NN number), Z c = 2 (NNN number on the c-axis), γ = cos(k x a/2) cos(k y a/2) cos(k z a/2) (a: lattice constant). We see that ω is zero when A = ±B, namely at k x = k y = k z = 0 (γ = 1) and at k z = 2θ along the helical axis. The case of ferromagnets (antiferromagnets) with NN interaction only is recovered by putting cos θ = 1 (−1) [22] . Let us return to the film case. We make the in-plane Fourier transformation Eqs. (20)- (21) for Eqs. (18)- (19) . We obtain the following matrix equation
where M (ω) is a square matrix of dimension (2N z × 2N z ), h and u are the column matrices which are defined as follows
where, taking = 1 hereafter,
where n = 1, 2, ..., N z , d = I 1 /J 1 , and
In the above expressions, θ n,n±1 the angle between a spin in the layer n and its NN spins in layers n ± 1 etc. and γ = cos Solving det|M| = 0, we obtain the spin-wave spectrum ω of the present system: for each value (k x , k y ), there are 2N z eigen-values of ω corresponding to two opposite spin precessions as in antiferromagnets (the dimension of det|M| is 2N z × 2N z ). Note that the above equation depends on the values of < S z n > (n = 1, ..., N z ). Even at temperature T = 0, these z-components are not equal to 1/2 because we are dealing with an antiferromagnetic system where fluctuations at T = 0 give rise to the so-called zero-point spin contraction [30] . Worse, in our system with the existence of the film surfaces, the spin contractions are not spatially uniform as will be seen below. So the solution of det|M| = 0 should be found by iteration. This will be explicitly shown hereafter.
The solution for g n,n is given by
where |M| 2n−1 is the determinant made by replacing the 2n − 1-th column of |M| by u given by Eq. (24) [note that g n,n occupies the (2n − 1)-th line of the matrix h]. Writing now
we see that ω i (k xy ) , i = 1, · · · , 2N z , are poles of g n,n . ω i (k xy ) can be obtained by solving |M| = 0. In this case, g n,n can be expressed as
. (29) Next, using the spectral theorem which relates the correlation function S 
where ǫ is an infinitesimal positive constant and β = (k B T ) −1 , k B being the Boltzmann constant. Using the Green's function presented above, we can calculate self-consistently various physical quantities as functions of temperature T . The magnetization S z n of the n-th layer is given by
Replacing Eq. (28) in Eq. (31) and making use of the following identity
we obtain
where n = 1, ..., N z . As < S z n > depends on the magnetizations of the neighboring layers via ω i (i = 1, ..., 2N z ) , we should solve by iteration the equations (33) written for all layers, namely for n = 1, ..., N z , to obtain the magnetizations of layers 1, 2, 3, ..., N z at a given temperature T . Note that by symmetry, < S The value of the spin in the layer n at T = 0 is calculated by
where the sum is performed over N z negative values of ω i (for positive values the Bose-Einstein factor is equal to 0 at T = 0). The transition temperature T c can be calculated in a self-consistent manner by iteration, letting all < S 
There are N z such equations using Eq. (33) with n = 1, ..., N z . Since the layer magnetizations tend to zero at the transition temperature from different values, it is obvious that we have to look for a convergence of the solutions of the equations Eq. (35) to a single value of T c . The method to do this will be shown below.
IV. RESULTS FROM THE GREEN'S FUNCTION METHOD
Let us take J 1 = 1, namely ferromagnetic interaction between NN. We consider the helimagnetic case where the NNN interaction J 2 is negative and |J 2 | > J 1 . The non uniform GS spin configuration across the film has been determined in section II for each value of p = J 2 /J 1 . Using the values of θ n,n±1 and θ n,n±2 to calculate the matrix elements of |M|, then solving det|M| = 0 we find the eigenvalues ω i (i = 1, ..., 2N z ) for each k xy with a input set of S z n (n = 1, ..., N z ) at a given T . Using Eq. (33) for n = 1, ..., N z we calculate the output S z n (n = 1, ..., N z ). Using this output set as input, we calculate again S z n (n = 1, ..., N z ) until the input and output are identical within a desired precision P . Numerically, we use a Brillouin zone of 100 2 wave-vector values, and we use the obtained values S z n at a given T as input for a neighboring T . At low T and up to ∼ 4 5 T c , only a few iterations suffice to get P ≤ 1%. Near T c , several dozens of iteration are needed to get convergence. We show below our results.
A. Spectrum
We calculated the spin-wave spectrum as described above for each a given J 2 /J 1 . The spin-wave spectrum depends on the temperature via the temperaturedependence of layer magnetizations. Let us show in Fig.  3 the spin-wave frequency ω versus k x = k y in the case on an 8-layer film where J 2 /J 1 = −1.4 at two temperatures T = 0.1 and T = 1.02 (in units of J 1 /k B = 1). There are 8 positive and 8 negative modes corresponding two opposite spin precessions. Note that there are two degenerate acoustic surface branches lying at low energy on each side. This degeneracy comes from the two symmetrical surfaces of the film. These surface modes propagate parallel to the film surface but are damped from the surface inward. As T increases, layer magnetizations decrease (see below), reducing therefore the spin-wave energy as seen in Fig. 3 (bottom) . 
B. Spin contraction at T = 0 and transition temperature
It is known that in antiferromagnets, quantum fluctuations give rise to a contraction of the spin length at zero temperature [30] . We will see here that a spin under a stronger antiferromagnetic interaction has a stronger zero-point spin contraction. The spins near the surface serve for such a test. In the case of the film considered above, spins in the first and in the second layers have only one antiferromagnetic NNN while interior spins have two NNN, so the contraction at a given J 2 /J 1 is expected to be stronger for interior spins. This is verified with the results shown in Fig. 4 . When |J 2 |/J 1 increases, namely the antiferromagnetic interaction becomes stronger, we observe stronger contractions. Note that the contraction tends to zero when the spin configuration becomes ferromagnetic, namely J 2 tends to -1. (i) the shown result is obtained with a convergence of 1%. For temperatures closer to the transition temperature T c , we have to lower the precision to a few percents which reduces the clarity because of their close values (not shown).
(ii) the surface magnetization, which has a large value at T = 0 as seen in Fig. 4 , crosses the interior layer magnetizations at T ≃ 0.42 to become much smaller than interior magnetizations at higher temperatures. This crossover phenomenon is due to the competition between quantum fluctuations, which dominate low-T behavior, and the low-lying surface spin-wave modes which strongly diminish the surface magnetization at higher T . Note that the second-layer magnetization makes also a crossover at T ≃ 1.3. Similar crossovers have been observed in quantum antiferromagnetic films [31] and quantum superlattices [32] .
Similar remarks can be also made for the case J 2 /J 1 = −2.
Note that though the layer magnetizations are different at low temperatures, they will tend to zero at a unique transition temperature as seen below. The reason is that as long as an interior layer magnetization is not zero, it will act on the surface spins as an external field, preventing them to become zero. The temperature where layer magnetizations tend to zero is calculated by Eq. (35). Since all layer magnetizations tend to zero from different values, we have to solve self-consistently N z equations (35) to obtain the transition temperature T c . One way to do it is to use the self-consistent layer magnetizations obtained as described above at a temperature as close as possible to T c as input for Eq. (35). As long as the T is far from T c the convergence is not reached: we have four 'pseudotransition temperatures' T cs as seen in Fig. 7 , one for each layer. The convergence of these T cs can be obtained by a short extrapolation from temperatures when they are rather close to each other. T c is thus obtained with a very small extrapolation error as seen in Fig. 7 for p = J 2 /J 1 = −1.4: T c ≃ 2.313 ± 0.010. The results for several p = J 2 /J 1 are shown in Fig. 8 . Let us examine the effects of the surface anisotropy and exchange parameters d s and J s 1 . As seen above, even in the case where the surface interaction parameters are the same as those in the bulk the surface spin-wave modes exist in the spectrum. These localized modes cause a low surface magnetization observed in Figs. 5 and 6. Here, we show that with a weaker NN exchange interaction between surface spins and the second-layer ones, namely J s 1 < J 1 , the surface magnetization becomes even much smaller with respect to the magnetizations of interior layers. This is shown in Fig. 10 for several values of J s 1 . We observe again here the crossover of layer magnetizations • , namely there is no surface spin rearrangement. This can be explained if we look at the local field acting on the surface spins: the lack of neighbors is compensated by this weak positive value of J s 1 so that their local field is equal to that of a bulk spin. There is thus no surface reconstruction. Nevertheless, as T increases, thermal effects will strongly diminish the surface magnetization as seen in Fig. 10 (middle) . As for the surface anisotropy parameter d s , it affects strongly the layer magnetizations and the transition temperature: we show in Fig. 11 the surface magnetizations and the transition temperature for several values of d s . 
E. Effect of the film thickness
We have performed calculations for N z = 8, 12 and 16. The results show that the effect of the thickness at these values is not significant: the difference lies within convergence errors. Note that the classical ground state of the first four layers is almost the same: for example, here are the values of cosinus of the angles of the film first half for N z = 16 which are to be compared with the values for N z = 8 given in Table I, From the 4th layer, the angle is almost equal to the bulk value (60 • ). At p = J 2 /J 1 = −2, the transition temperature is 2.090 ± 0.010 for N z = 8, 2.093 ± 0.010 for N z = 12 and 2.103 ± 0.010 for N z = 16. These are the same within errors. At smaller thicknesses, the difference can be seen. However, for helimagnets in the z direction, thicknesses smaller than 8 do not allow to see fully the surface helical reconstruction which covers the first four layers: to study surface helical effects in such a situation would not make sense.
At this stage, it is interesting to note that our result is in excellent agreement with experiments: it has been experimentally observed that the transition temperature does not vary significantly in MnSi films in the thickness range of 11−40 nm [16] . One possible explanation is that the helical structure is very stable as seen above: the surface perturbs the bulk helical configuration only at the first four layers, so the bulk 'rigidity' dominates the transition. This has been experimentally seen in holmium films [28] . To appreciate quantum effects causing crossovers of layer magnetizations presented above at low temperatures, we show here some results of the classical counterpart model: spins are classical XY spins of amplitude S = 1. We take the XY spins rather than the Heisenberg spins for comparison with the quantum case because in the latter case we have used an in-plane Ising-like anisotropy interaction d. Monte Carlo simulations have been carried out over film samples of 100 × 100 × 16. Periodic boundary conditions are applied in the xy plane. One million of MC steps are discarded to equilibrate the system and another million of MC steps are used for averaging. The layer magnetizations versus T are shown in Fig. 12 for the case where surface interaction J s 1 = 1 (top) and 0.3 (bottom) with J 2 /J 1 = −2 and N z = 16. One sees that i) by extrapolation there is no spin contraction at T = 0 and there is no crossover of layer magnetizations at low temperatures, ii) from the intermediate temperature region up to the transition the relative values of layer magnetizations are not always the same as in the quantum case: for example at T = 1.2, one has M 1 < M 3 < M 4 < M 2 in Fig. 12 (top) and Fig. 12 (bottom) which are not the same as in the quantum case shown in Fig. 6 (top) and Fig. 10 (top). Our conclusion is that even at temperatures close to the transition, helimagnets may have slightly different behaviors according to their quantum or classical nature. Extensive MC simulations with size effects and detection of the order of the phase transition is not the scope of this present paper.
V. CONCLUSION
We have studied in this paper surface effects in a helimagnet of body-centered cubic lattice with quantum Heisenberg spins. The classical bulk ground-state spin configuration is exactly calculated and is found to be strongly modified near the film surface. The surface spin rearrangement is however limited to the first four layers in our model, regardless of the bulk angle, namely the NNN interaction strength J 2 . The spin-wave excitation is calculated using a general Green's function technique for non collinear spin configurations. The layer magnetization as a function of temperature as well as the transition temperature are shown for various interaction parameters. Among the striking features found in the present paper, let us mention i) the cross-over of layer magnetizations at low temperatures due to the competition between quantum fluctuations and thermal effects, ii) the existence of low-lying surface spin-wave modes which cause a low surface magnetization, iii) a strong effect of the surface exchange interaction (J s 1 ) which drastically modifies the surface spin configuration and gives rise to a very low surface magnetization, iv) the transition temperature varies strongly with the helical angle but it is insensitive to the film thickness in agreement with experiments performed on MnSi films [16] and holmium [28] , v) the classical spin model counterpart gives features slightly different from those of the quantum model, both at low and high temperatures.
To conclude, let us emphasize that the general theoretical method proposed here allows us to study at a microscopic level surface spin-waves and their physical consequences at finite temperatures in systems with non collinear spin configurations such as helimagnetic films. It can be used in more complicated situations such as helimagnets with Dzyaloshinskii-Moriya interactions [17] .
